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Streamline Diffusion Methods for the
Incompressible Euler and Navier-Stokes Equations

By Claes Johnson and Jukka Saranen

Abstract. We present and analyze extensions of the streamline diffusion finite element method
to the time-dependent two-dimensional Navier-Stokes equations for an incompressible fluid in
the case of high Reynolds numbers. The limit case with zero viscosity, the Euler equations, is
also considered.

Introduction. The Streamline Diffusion method is a finite element method for
convection-dominated convection-diffusion problems recently introduced by Hughes
and Brooks [5], [6] in the case of stationary problems. The mathematical analysis of
this method for linear problems, together with extensions to time-dependent prob-
lems using space-time elements, was started in Johnson and Navert [8] and was
continued in [9], [16] and [10]. The outcome of this work is that the SD (Streamline
Diffusion)-method can be demonstrated to have both good stability properties and
high accuracy, a combination of desirable features not shared by previously known
finite element methods; standard methods either (as the usual Galerkin method) are
formally higher-order accurate, but lack in stability and produce severely oscillating
solutions if the exact solution is nonsmooth, or (as the classical artificial viscosity or
upwind method) contain a large amount of artificial diffusion, limiting the accuracy
to at most first-order. The main theoretical results for the SD-method in [8], [9], [16]
and [10] are almost-optimal error estimates, together with localization results which
show that effects are propagated in the discrete problem in a way similar to what is
the case in the continuous problem. In particular, it follows from these localization
results that the presence of, e.g., a boundary layer in the exact solution only affects
the accuracy of the discrete solution close to the layer. This is in contrast to the usual
Galerkin method, where the presence of a boundary layer in general severely
degrades the accuracy in the whole domain. The analysis of the SD-method also
shows the necessity of sharpening the classical stability concept for finite element (or
finite difference) methods for hyperbolic type problems, such as, e.g., convection-dif-
fusion problems with dominating convection.

The purpose of this note is to present extensions of the SD-method to some
nonlinear hyperbolic problems in fluid mechanics: The time-dependent two-dimen-
sional Navier-Stokes equations for an incompressible Newtonian fluid in the case of
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high Reynolds number and also the limit case with zero viscosity, the Euler
equations. We shall present methods for which global error estimates can be proved
which are analogous to those mentioned above for linear problems. Propagation-of-
information results for the discrete versions of the nonlinear problems considered
would be very desirable to have, but seem very difficult to obtain; as far as we know,
results of this nature are not even known for the continuous problems. For earlier
work on SD-methods for the incompressible Navier-Stokes equations, see [7].

An outline of this note is as follows: In Section 1 we briefly review the SD-method
for a linear convection-dominated convection-diffusion problem and recall the basic
error estimate in this case. In Section 2 we present and analyze a streamline-diffu-
sion type method for the Euler equations for an incompressible fluid in the case of
two space dimensions. This method is based on using the stream function-vorticity
formulation of the Euler equations. Finally, in Section 3 we consider two methods
for the time-dependent Navier-Stokes equations also in two dimensions: One
method using a velocity-pressure formulation, and one method using a velocity-pres-
sure-vorticity formulation. The latter method is a streamline-diffusion variant of a
mixed method for the Navier-Stokes equations previously analyzed by Girault and
Raviart [4] in the case of low Reynolds numbers.

In the methods considered in this note, the approximate solution is sought on each
time level as a piecewise polynomial on a finite element grid not necessarily aligned
with the flow. We plan to compare our methods with ‘grid free’ so-called vortex
methods, which have recently attracted renewed interest (see, e.g., [1]). Numerical
experiments with the methods studied in the paper are under way and the results will
be presented elsewhere.

In what follows, C will denote a positive constant, not necessarily the same at
each occurrence, independent of the parameters 4 and e.

1. A Linear Convection-Diffusion Problem.

1.1. The Continuous Problem. As a model for time-dependent convection-dominated
convection-diffusion problems we shall consider the following problem: Find the
scalar function u = u(x, t) such that

(1.1a) u,+ug—eAu=f inQxI,
(1.1v) u=0 onT X1,
(1.1¢) u=u, inQforr=0,

where € is a bounded domain in R? with boundary T, u, = du/dt, ug = B-vu,
with Vu the gradient with respect to x = (x;, x,) € R?, and B = (B,, 8,) is a given
smooth vector-field and ¢ > 0 a small constant. Further, f and u, are given data,
and I = (0, T)is a given time interval.

1.2. The Streamline-Diffusion Method. The SD-method for (1.1) is based on using
finite elements over the space-time domain Q = £ X I, i.e., a finite element formula-
tion is used not only in space, but also to discretize in time. To define this method,
let J,= {7} be a finite element subdivision of { with elements 7 and let
0=t,<t < -+ <ty =T be a subdivision of the time interval I into intervals
I, = (t,,t,.1) Let €, = { K} be the corresponding subdivision of Q into elements
K = 7 X I, with h representing the maximum of the diameters of the K € %, and
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let P,(K) be the set of polynomials in x and ¢ of degree at most k on K, and define
fork > 1

(1.2) V,={vea#:vlxe P(r) X P(1,) VK =1 X1, € %, },

where = T1)_} H'(S,,), with S,, = Q X I,,. In other words, V, is the set of
piecewise polynomial functions on ¥, of degree at most k that are continuous in x
and possibly discontinuous in ¢ across the time levels ¢, m=1,...,M — 1. We
shall assume that %, is a regular subdivision of Q, i.e., for each K € €, there is an
inscribed sphere in K such that the ratio of the diameter of this sphere and the
diameter of K is bounded below, independently of K and 4.

We shall use the following notation: Given a domain G, let (-,- ); denote the
usual L,(G) scalar product and || - ||; the corresponding norm. Also, H*(G) for s a
positive integer will denote the usual Sobolev space of functions with square
integrable derivatives of order less than or equal to s with norm || - ||, ;. Further, for
piecewise polynomials v and w defined on the triangulation ¢, = { K}, where
%, C €, and for differential operators D,, we use the notation

(DIU’DZW)Q’= E (DIU’DZW)K’ Q' = U K,

Ke®] Ke®,
i.e., we just sum the integrals over each element K € %;. We also write
(W, 0) = (w,0)s,,  lvlln = (0,0),7,
(w0}, = (W 1,), 00, 1)) 00 Jolm =(0,0),7%,
v, (x,1)= lim v(x,t+s), [v]=v,—v_.
50 %

The SD-method for (1.1) can now be formulated as follows: Find u” € V, =
{veV,,v=0onT XI}suchthatform=20,.... M — 1,

(1.3) (uf' +up, v+ 8(v, + UB))m + <[u"],u+>m + e(Vu,vv),,
. —sS(Au",v,+vﬁ)m= (f,u+8(v,+uﬁ))m Yo e V,,

where 8 = Ch with C a suitably chosen (sufficiently small, see [10] and below)
positive constant and u”(-,0) = u, are initial data and where, according to the
above convention, the expression (Au”, v, + Ug) » 1s interpreted as a sum of integrals
over the elements K € %, in theslab S,,,.

It is proved in [16] that if u”(-,¢,) is given, then (1.3) defines u” uniquely in the
slab S,, and thus u" can be computed successively on the slabs S, starting at S,
where u”(-,0) = u, is given. For each m, (1.3) is equivalent to a linear system of
equations and thus (1.3) corresponds to an implicit scheme for (1.1).

Remark 1.1. If ¢ > h we would choose § =0 and then (1.3), as regards the
time-discretization, would coincide with the Discontinuous Galerkin method, re-
cently analyzed in [3] in the case of a parabolic-type problem corresponding to
choosing ¢ ~ 1 in (1.1) (see also [12]). In the parabolic case, the Discontinuous
Galerkin method for time-discretization is demonstrated to have very satisfactory
properties, resulting in a method of order 2k + 1 with respect to ¢, when using
polynomials of order k in time. In fact, if f = 0 and the time step is uniform, then
the difference methods corresponding to the subdiagonal in the Padé table are
retrieved in this way. O
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Note that the feature that distinguishes (1.3) from conventional finite element or
Galerkin methods is the presence of the term 8(v, + vg). The rationale for this
modification is that choosing v = u* € ¥, in (1.3), and summing over m, we obtain
control of a term of the form

2 M-1 1/2
Slut + upllg +ut [y +lut o+ X 1lw1l|
m=2
in terms of the data u, and f. This extra stability, as compared with Standard
Galerkin, where 8 = 0, is the key to the good properties of the method, allowing
“almost optimal” error estimates and localization results to be demonstrated [10],
[16]. The basic error estimate for (1.3), when & < h, reads as follows,

(1.4) llu = utlll < CH** 2 ull, .y o
where
) 5 ) M-1 s 1/2
fllwl = Orggrllw(nt)lla + hllw, + wellp + e wwll, + mgl I[w]l

Remark 1.2. For the stationary analogue of (1.1) with no u-term, the modified test
function in the SD-method has the form (v + 8vg), which together with the term uj
introduces a term of the form 8(u,’;, vg) which can be interpreted as resulting from
diffusion —8uge acting only in the streamline direction 8. This is the motivation for
the term “streamline diffusion”. Note that in the time-dependent problem (1.1) it is
important to introduce the term §(u” + uz, v, + vg) corresponding to a diffusion
acting in the direction (B, 1) in space-time (cf. [6], [7], where only the modification
(v + 8ug) is used, even in the time-dependent case). O

For numerical experiments with the SD-method (1.3), demonstrating the good
properties of this method, also in the case of nonsmooth exact solutions, together
with comparisons with the nonsatisfactory results obtained when putting § = 0, we
refer to [16].

1.3. Discontinuous Galerkin. If ¢ = 0 in (1.1), then we can use trial functions in the
discrete problem, which may be discontinuous across interelement boundaries also
in the space variable. Note that with ¢ = 0, (1.1b, ¢) is replaced by

= uo on aQ_,
where
30_= {(x,1) €3Q: n,(x,t) + n(x,1) - B(x,t) <0},
and uy(x,7) = 0if ¢+ > 0. Here, of course, 30 = @ X {0} UQ X {T}UT X I, and
(n, n,) is the outward unit normal to 9Q in R>.
To define a finite element method using discontinuous functions, let us introduce

the following notation: If 8 = (B8,, B,) is a given smooth vector field on Q, we define
forK € €,

(1.5) 3K +(B) = {(x,1) € 9K: n,(x,t) + n(x,t) - B(x,1) S 0},
where (n, n,) denotes the outward unit normal to K C Q. Further, let

we(x,1) = lim w(x+sB.o+s),  [wl=w,—w.,
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and introduce for k > 0,
W,={veL,(Q): v|geP(K)VKE %,}.

The Discontinuous Galerkin method for (1.1) can now be formulated as follows:
Find u”" € W), such that

(uf'+u;,',v+8(v,+vﬁ))g+ Y f [u"]vosn, + n - Blds
(1.6) Ke g, 3K_(B)

=(f,o+8(v, + "ﬁ))g Vv € W,

where 8§ =0 or 8 = h, and u_= u; on dQ_. With § = 0, this is the usual Dis-
continuous Galerkin method, first analyzed in [13], where L,-error estimates of order
O(h*) are proved. In [11], these estimates are improved to @(h**1/?), and it is
demonstrated that the Discontinuous Galerkin method with 8 =0 or § = 4 has
properties very similar to the SD-method, in particular allowing the localization
results for the SD-method to be carried over to the present case. Further, the
Discontinuous Galerkin method (1.6) gives an explicit scheme, whereby the discrete
solution on each slab §,, can be computed successively on triangle after triangle,
starting at the inflow boundary of S,,.

Remark 1.3. One may use in (1.3) or (1.6) different finite element subdivisions in
different slabs S,. This can be used, e.g., to locally refine the mesh around a
progressing sharp front. O

2. The Euler Equations.

2.1. The Continuous Problem. Let us now assume that € C R? is simply connected
with smooth boundary T', and let us recall the Euler equations for an incompressible
fluid: Given g and u,, find the velocity u = (uy, u,) and the pressure p such that

(2.1a) u+u-vu+vp=g inQ@XxI,
(2.1b) divu=0 inQxI,
(2.1¢) u-n=0 onT X I,
(2.1d) u=u, inQfort=0,

where n = n(x) is the outward unit normal to T'. It is known (see, e.g., [17]) that if g
and u, are smooth, with divuy; =0in @ and u;-n = 0 on T, then (2.1) admits a
unique smooth solution for any T.

Let us now reformulate (2.1) using the stream function-vorticity formulation.
Since {2 is simply connected and div u = 0, there is a unique stream function ¥ (x, t)
such that
o _ 3y

ax,”  ox,

u=rot¢-=-( ), Y|r = 0.

Alternatively, ¢ (-, t) can be specified as the unique solution of the Poisson equation

Ay (-,t)=w(-,t) inQ,
(2.2) { v=0 onT,
where
Ou, _ 9uy

=rotu = +— —
@ 0x; 0x,
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is the vorticity of the velocity field u. Applying the operator rot to (2.1a), we obtain
the following reformulation of (2.1): Find w such that

{wt+u(w)-Vw=f inQ x(0,7),

(2:3) w=w, inQfort=0,

where f = rot g, w, = rot u,, and u(w) = rot ¢, where i satisfies (2.2) for0 < < T.
We see that (2.3) has formally the form (1.1) in the case ¢ = 0 with a coefficient 8
depending on w. Note that we do not have to specify any boundary condition in
(2.3),sinceu-n=0onT.

2.2. SD With Trial Functions Continuous in Space. Let us now construct an
SD-method for (2.3) following the pattern of Section 1.2 and using the same
notation. Define for k > 1,

¥, = {pe#: ¢ € Pyi(7)XP(L,)

2.4
(24) VK=1rXI1,€%,¢=00onT X1},

ie, ¥, consists of piecewise polynomials of degree k +1 and k in x and ¢,
respectively, which are continuous in x and discontinuous in ¢. The SD-method for
(2.3) can now be formulated as follows: Find «" € V,, with V, defined by (1.2), such
that form =0,1,2,..., M — 1,
(2.50) (of + uh(") - v, 0+ h(8,+ u" (") - v8)), + <[w"],0+>m
Sa

= (f,0+h(8,+u"(o")-v0)), VOV,
where u”(w") = roty” and ¢" € ¥, satisfies

(2.5b) (V4" v¢),, = (", 0), Voe¥,
and " (-,0) = w,.
We now analyze this method and introduce the notation:

M-1
B(w;v,0)= ) (u, +w-vo,0+ h(6,+ u"(")- Vﬂ))m

m=0

+ % ([0].6,), +(v,.0. )0

L(6) = 2:;0 (1,6 + k(8 + ut(") - v8)), +(wn, 0. ),

The problem (2.5) can then be formulated as follows: Find «”" € ¥}, such that
(2.6) B(u"(w");w",8) =L(0) V8€<V,,

where u”(w") = rot ¢ and " € ¥, satisfies (2.5b). We note that, since u”(w") =
rot y#, the normal component u”(w")-n is continuous across interelement
boundaries and div (") = 0 in each element K, so that

(2.7a) divu"(o*)=0 inQ,
and also

(2.7b) u'(0")-n=0 onT X1I.
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Below we shall refer to the following results, using the notation:

o =210 + 100 + "5 10, + 200, + wh(at) - vong]

m=1

LEMMA 2.1. We have
B(u"(");6,8) = [|8]" V6 ex.

Proof. The lemma follows easily from the definition of B, using the facts that by
integration by parts and (2.7),

(6,.6) + Z ([6].6.), +(0..6.)= [0|M+|0lo+ T llﬂllm],

m=1 m=1
(u"(w")-v0,0),=0. O
LEMMA 2.2. For any constant C; > 0, we have for 0esx

1|0||2< [c 16, + ut(o*) - w8y + 2 l6_1, h]exp(Clh)

m=1

Proof. For t, <t <t, ., we have using again (2.7),
2 2 mi1 d
16() N =16- [pur = [ Z16(5) lads

18- [y — 2" (8, + uh(a") - 96,8) o ds
t

2 1 2 tos 2
< |0— |m+1 + —-“01 + uh(wh) : va“m + le ' ||9(S)||szds»
Cl t
so that by Gronwall’s inequality, for ¢,, <t <1t 1,
2 1 2 2
10013 < [ 16+ w40 - 90, +10. L [oxp( i)

Integrating over ¢, <t <t¢,,; and then summing over m=0,...,M — 1, we
obtain the desired result. O

LEMMA 2.3. There is a constant C such that if J" € ¥, satisfies

(2.8) (vi",ve)o=(w.$)o Vo€V,
then

lu(w) = u"(*) llo < CH** ¢ [1K+ 2.0,
where Y satisfies (2.2), u(w) = roty, u"(w) = rot " and

2 1/2
#1120 = ( / [t|¢(-,s)||i+2.9 + ]d) .
1,9

Proof. We have, since (Vi — V}V’,VqS)Q =0 forall ¢ € ¥,
Ivy = vi*lo <llvy - vollo Vo e ¥
Here we choose ¢ = R ® Py, where
(29) (RO PY)(x,t) = Ro(x,-)(1),  v(x,5)=(PY(-,s))(x),

ak+1
th/(',S)
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and where
P: HY(Q) - &" = {¢ € AY(Q): ¢|, € P,y (7) V7 €7,}
is the usual H(Q)-projection, and
R: L2(I,) - P(I,)
is the L?(1,,)-projection. We have, with v given by (2.9),
V-9¢)=v({-v)+v(v-9¢).

Now, using standard estimates for P, we have for the first term

19 (4(es) = Py os) () [l < R4 (-, 5) [
so that by integration

V(¥ = v) o < CH** Y|4 [+ 2.0-

Further, by the obvious commutation relations
J J
VR=Ry, 2p=p
9s/ s/

we have for the second term from standard estimates for R and P:

'/;2/; |V(v—¢)|2dtdx=f9/; |Vv(x,s)—R(Vv(x,~))(s)|2dxdt

2

k+1
< ChZ(kH)/Q —[/ aaskHVv(x,s) dsdx
k+1 2
= Chz(""l)fQ '/; v aa k+lv(x s)| dsdx

2

= con2en | dx ds

L fgv( aak:l‘“ ’S)(x))

< Ch2(k+1)f /

Summation over m then completes the proof. O

dx ds.

a k+1 (x S)

LEMMA 2.4. For any h > 0, the problem (2.6) admits at least one solution if
f€ Ly(Q) and wy € Ly(Q).

Proof. We shall apply a variant of Brouwer’s fixed point theorem to prove that,
given u"(-,¢,), the problem (2.5) admits a solution for any m. Let V" = {vl;,;
ve V,}and ¥ = (¢, 0€ ¥, 1, and define P™: V™ — V™ by

[P™,0] = (v, + u™(v) - Vv, 6 + h(6, + u™(v) - v4)),,
+(v,.0,), —(u".0,)
—(f,0 + h(6, + u™(v) - v8)), voevV"™,
where u™(v) = rot "™, with y” € ¥” satisfying
(VY™ V), = (v,9), Vo€ ¥,
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and

[0,0] = <U—’0—>m+1 + <v+’0+>m +(v’0)m‘
Clearly, P™ is well-defined and is continuous on V™ (for a fixed 4), with the norm
|- | given by the scalar product [-,- ]. Further, P™» =0 if and only if v = "
satisfies (2.5). Now

2 2 2
(P7,0] = 410 s +104 o+ 280+ w7(0) - w0l

=11 Il + Bllo,+ um(0) - w0ll,,) = [u" |, lv, |0,
so that using Lemma 2.2,
[Pm0,0] > Clof> = Clol(If I + " |,,).
Hence, [P"v,v] > 0 if |v|=r is large enough, and by Brouwer’s fixed point
theorem it follows (see [15]) that there exists v = w™ € V™ with |v| < r such that
Pv = 0, and the proof is complete. O
For a uniqueness result we refer to the Appendix.
We now turn to error estimates. We write e = w — " = 9 — {, where n = w — &",
{ = w" — &, and &" € V, is a suitable interpolant of the exact solution . Since w
satisfies (2.3), we have for § € V,
B(u(w);w,0) = L(8),
so that by (2.6) and Lemma 2.1,
2 ~ ~
I = B(u"(w"); o* = @",§) = B(u(w); w,§) — B(u(w"); @, )
(210) = B(uh(0");m,2) +[B(u(w): 0.8) - B(ut(u*): 0.{)]
=T +T,

with the obvious definitions of T; and T,. By integration by parts, using (2.7), we
find

1Ty [=|~(n. 8 + u" (") - 98) o+ (n_,8_)p - 2::1 (n_,[ED),,
(2.11) +h(m, + uh(@h) - o, + uh(0h) - 98),

2
<zllgl™+ ¢

M 2
e+ X [ %+ hllm, + u*(wh)~vvwllg)-
m=1

Further, by Lemma 2.3 we have

(2.12) lu*(w) = u(w) lo < CH*Y[[¥[[k+2.0,
where u”(w) = rot $" and §* € ¥ satisfies (2.8). Also,
(2.13) [u" (") = u"(w) [lo < Cllo = *llo < C([¢llo +Imlle),

and hence, letting || - ||, denote the L_(Q)-norm,
[me + u(") - Ol <lln, + u(w) - vallg +[|(u"(w) = u(w)) - vl
+[[(u" (@) = u* (")) - wallo
<l +llu(w) loliwallo

H1vala(lEllo +lInllo + CHE* 11K 20)-

(2.14)
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Next,
T, = ((u() - u"(«") - ve,§)g
+h((u(w) — u"(")) - Vo, ¢, + ut (") - v¢) o
so that by (2.12) and (2.13),

T2 < CIvelollo(Slle + Inlle + CH 1w E, )
(2.15) ] o
HHIIE + cr[Ivelo(slo +Imllo + Cr* 4], )]

We now assume that
(2.16a) Vel +1valo + @l o< C.

In particular, this means by Sobolev imbedding and elliptic regularity, that also

(2.16b) lu() oo +[¥ll5s20 < €

Combining now (2.10), (2.11), (2.14)—(2.16) and Lemma 2.1 with C; large enough,
we get

2 RTIRT il 2 2 i 2 2k+2
ISN™ < Clatlnlio+ X Il + Alnlie+ X [§_[,h + Ch*+2 ).
m=1 m=1
Finally, by standard interpolation theory, we have (see, e.g., [2]):
2 M 2 o
[Ilnllg +h X ln_ L+ Wnlie| < Yol
m=1
We can now finish the argument by applying a discrete Gronwall inequality of the
following form: Suppose {a, }/ satisfies, for k = 1,..., M with M = C,/h,
a,<C Y ah+Cy
1<j<k
then there is a constant C, depending only on the constants C,, such that for
h<1/2C, wehavea, < C, k=1,..., M.
We then obtain the following error estimate:

THEOREM 2.1. If the exact solution w of (2.3) satisfies (2.16), and w" € V), satisfies
(2.6), then |lw — &"|I < Ch**172,

Remark 2.1. The O(h**')-error from the approximate solution of the Poisson
equation (2.2) according to (2.12) is here not fully balanced with the global
O(h**1/2) estimate. To obtain such a balance one might in practice use a coarser
mesh in x for the Poisson equation (2.2), keeping the degree k + 1 in x for ¢, or
one might instead reduce this degree to k and mildly refine the meshin x. O

Remark 2.2. By Lemma 2.2 and the definition of the ||| - ||l-norm, we have from
Theorem 2.1 in particular

max (-, ) = o*(-,1) o < CHE12,
te

where (-, 1,) = w"i(', t,). O
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2.3. Discontinuous Galerkin. Extending the Discontinuous Galerkin method of
Section 1.3 to the Euler equations, using the same notation, we obtain the following
method: Find " € W, such that

(o + B-vw', 8+ h(6,+B-v0)),+ Z‘/;K . [w"]0,|n,+ n - B|ds
K —

=(f,0+h(6,+B-v0)), VoW,
where 8 = u"(w") = rot " and ¢* € ¥, satisfies
(2.17b) (V" v)o = («",0)p VoY,

and " (+,0) = w,. Recall that, since 8 = rot ¢, we have that n - 8 is continuous
across the interelement boundaries of %,, and thus 0K ;(8) is well-defined. Also,
B-n=0on I X1 To write (2.17) in more compact form, let us introduce the
notation

(2.17a)

B(w;v,0)=(v,+w-vw,0+h(6,+B-v08)),

(2.18) +Y f [0]6.,1n, + n - Blds + (v,.8,),,
K YOK_(BY

L(v)=(f.0+h(6,+pB- V0))Q + <‘°0a0+>0’

where again B = u”(w") and 9K_(B)’ = 9K_(B)\ 2 X {0}. Then (2.17) can be
written, with #"(w") = rot ¢* and ¢* € ¥, satisfying (2.5b), in the form

(2.19) B(u"(w");w",0)=L(6) Voew,.

This method can be analyzed using arguments very similar to those of the previous
subsection. In particular, we have the following analogues of Lemmas 2.1 and 2.2,
with similar proofs (as above, 8 = u”(w")).

LEMMA 2.5. We have, with B defined by (2.13),
B(u"(«");6,8) =|6]" vo e w,,
where

2 1 2 2 2
161" =5 {1613 +16lo+ X [ [6FIn, +n- Blds + 2k, + B- Vbl |-
K “3K_(BY

LEMMA 2.6. For any constant C, > 0, we have for 6 € W,

2 h 2 M 2
lolle < c 18+ B-volo+ E_1|0_|mh

+hL [ [8Tn- Blds]exp(clh),
K YOK_(B)”

where 0K _(B)"” = {(x,t) € 0K_(B)": n(x,t) = 0}.

The only difference in the analysis of (2.19), as compared to the above analysis of
(2.6), is the appearance on the right-hand side of a term of the form

S [fln.ln-Blds,
K “3K_(B)
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where as above, { = w" — &, 7 = w — @" and B = u”(w"). This means that we will
have to bound a term of the form

L=% [ Ingllnew(a)]as,
K “3K_(BY”

which can be done as follows:
2
i<l f
K L70K_(B)”

2
< ClnlL X [entur(en) [k + on?]
K

2
n-ut(w")| ds + ds]
aK_(BY”

2
< Ch2k+1”w”i+l.oo(”§”Q + C)’

where we have used the facts that
f v2ds < Ch‘lf vidx Vv e P(K),
3K K
and that by (2.12) and (2.13),

lu*(«")llo <llu(@)llo +llnlle + 15l + C.

Here and below, || - ||+ 1. denotes the WX*1(Q)-norm. This leads to the following
error estimate for (2.19), if w € WA*1(Q):

llo — "l < Ch**172,

3. The Navier-Stokes Equations.

3.1. SD-Methods for Euler’s Equation in (u, p)-formulation. It is not clear how to
generalize the methods for the Euler equations of the previous section to the
Navier-Stokes equations, the reason being that we do not have any boundary
conditions for the vorticity. We shall therefore first present some different methods
for the Euler equations, using the (u, p)-formulation (2.1), which may naturally be
extended to the Navier-Stokes case.

We first assume that the discrete velocities are continuous in x, and as before,
satisfy the incompressibility condition exactly, i.e., we let the velocity space W, be
given by
(3.1) W, = {rot¢: ¢ € ¥,},
where \i/,,, as before, is given by (2.4) and in addition satisfies

M-1
(3.2) ¥, c ITT C(S,)-
m=0
Introducing also the pressure space
(3.3) 0,={q€#:qlx€ P(7) X P (L, )VK=1X1I,€%,},
we now formulate the following SD-method for the Euler equations (2.1): Find
(u", p"y € W, X Q, such that

M-1
(3.4) (ul + u" - wvu"+ vp" v+ h(v,+u" vo+ Vq))Q + Y <[u"],u+>m
. m=0

= (g,v+h(v,+ u' o+ Vq))Q V(v,q) € W, X Q,,
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where u” (-,0) = u,. Using the notation
B(w;,¢) = (u, +w-Vo+vVvg ¢+ h(qb, +u"-ve + Vr))Q

3. M1 )
( Sa) + Z=1 <[U]’¢+>m+<v+v¢+>0’ ﬁ=(v’q)’¢=(¢’r)a

(3.5b) L(d)=(g.0+h(e,+u"-vo+vr)),

we can formulate problem (3.4) as follows: Find #* = (u”, p") € W, X Q, such
that

(3.6) B(u"; 4", 0)=L(d) Voe W,XxQ,.

Note that the use of the modified test function v + h(v, + u" - Vo + vq) will
give control over the quantity Vi |lu} + u" - vu" + vp"||, in (3.6). It seems difficult
to obtain control over the quantity vA|lu} + u" - vu"||,, since multiplication with
(v + h(v, + u” - vv)) will introduce a term (Vp”, u" - vv),, which will not vanish
in general and seems difficult to bound. Note further that taking v = 0 in (3.4), we
obtain the following equation for p" € Q,:

(3.7) (vp'.va)o=(g—ul —u"  vu',vq) VgeQ,
which corresponds to a Poisson equation with Neumann boundary conditions for

the pressure.
We now analyze (3.6) and introduce the norm

21 2 , Mt 2 2
(3.8) lIall =5[Ivlu+lvlo+ )y I[v]|m+2h||v,+u”'Vv+Vq||o}~

m=1

As above (cf. Lemma 2.1), it follows that
(3.9) B(u*,0,0) =[o]I" vo € W, x 0,
and we also have the following analogue of Lemma 2.2.

LEMMA 3.1. For any constant C; > 0 we have for b € W, X Q,:

2 h " 2 M 2
lolle < _c‘1||"'+“ -vo+vqllg+ X |o_[,h|exp(Cih).

m=1

Proof. We have, fort, <t <t,,
2 2 [N 2
lo(e)lla =lo_ s = [ Flo(s) fads
t

=|v_ |i,+1 - 2/""”(0,+ u" - o+ vq,v)gds
t

2 1 2 o+ 2
<o fper + o+ b w0+ vl + G [ o(s) fads,

from which the desired result follows, arguing as in the proof of Lemma 2.2. O
Further, existence of a solution of (3.6) can be proved using basically the
argument of the proof of Lemma 2.4.
We now prove the following error estimate.

THEOREM 3.1. If the solution (u, p) of (2.1) satisfies
(3.10) lule+1.0 + 1 plle+1.0 +ulie < C,
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and (u*, p*y € W, X Q, satisfies (3.4), then
max [u(- 1) = (-, 1) o +llu - ] < CHE2
Proof. We write
p—ah=(a-w)y+(w-a")y=4+¢
=(u-wp-p)+(a—u"p—-p")=(np-5)+(5—-p"),
where W = (i1, p) € W, X Q, is the interpolant of # = (u, p). Using the fact that
B(u;21,0) = L(D) Vo= (v,q) € W, X Q,,
we have by (3.6),
S = B(u"; & — w,§) = B(u; ,€) — B(u"; 0, §)
(3.11) = B(u";#,8) +(B(u; 2,§) — B(u"; 2, ¢))
=T, +T,,

with the obvious definition of T} and T,. Integrating by parts, we have by standard
interpolation estimates,

|T; | =|—(n,§, +ut - v+ V(") o+ (8 Dy

- Mi‘l (n_.[£1),, + h(n, +u"-vn+v(p-p)

m=1

S +u" v+ v(p —P"))Q|

(3.12)

1 2 2 M 2 2
< g g+ C(h“llnllg + mZ_IIn_ |y + B, + u" - v+ v (p —ﬁ)llg)
< g IEIF + Ch**t b, + b - v + 9 (p - p) [

Similarly,
In, + u"-vm+v(p-5)e
Gy SIle+19(r = ple+l(u = w) - vale +lu- wnlo
<lnlle +19(p =) lo +I1val(llnlle +1lle)
< Ch* + C||¢|lo-
Also,

I =|((u—uh) - vu, &+ n(S,+ u" - v¢+ v(p - ph)))|

(3.14) < clvullalsle(ltle +Inlle) + s I’

+Chl|vulw(lEle +lnle).
Combining (3.11) to (3.14), and using Lemma 3.1, we finally get

M
2 2
SN < c| w1+ X [E_[.h),
m=1
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so that by a discrete Gronwall inequality,

EN" < cr2é+1,

from which the desired estimate follows. O
Remark 3.1. From (3.7) and the velocity estimates of Theorem 3.1, we obtain the
following estimate for the pressures,

Ivp — vphllo < CH*-V2. O

Let us now relax the C'-condition (3.2) and assume only that ‘if,, C s, as in
Section 2, and let W, and Q, be given by (3.1) and (3.3). In this case, the discrete
velocities v € W, have continuous normal components across interelement
boundaries, while the tangential components may be discontinuous. The natural
extension of the method (3.4) to this case reads: Find (u”, p*) € W, X Q, such that

(uf’+,B-Vu"+Vp",v+h(v,+,B-Vv+Vq))g

(3.15) +¥/ [u"lo,|n, + n- B|ds

aK_(B)
= (g,U + h(U, + B “Vu+ Vq))Q V(U’q) € Wh X Qh’

where B = u" and 4" = u, on @ X {0}. The analysis of this method is similar to the
analysis of (3.4) just presented, with a modification analogous to that presented for
the Discontinuous Galerkin method (2.17), and we obtain for the method (3.15) a
result analogous to that stated in Theorem 3.1, assuming now that u € WX+(Q).

3.2. SD-Methods for Navier-Stokes Equations. We first generalize the method (3.4)
to the Navier-Stokes equations with small viscosity & > 0:

uh+u-vu+vp—cAu=g inQxI,

divu=20 inQ X1,

(3.16) u=20 onI X1,
u=u, in Q fort = 0.

One is naturally led to the following method: Find (#*, p") € W, X Q, such that
(3.17) B,(u"; ", 0) = L(3) Vo= (v,q)€ W, X 0Q,,
where

B(w,0,8) = B(w; 0,$) + e(Vv,V$) o — e8(Av, ¢, + u" - Vo + vq),,

and where B and L are defined by (3.5), and 8 = Ch with C as specified in Lemma
3.2 below if & < h, and 8 = 0 if € > h. For problem (3.16) we have the following
stability result (cf. [10], [16]).

LEMMA 3.2. If C > 0 is sufficiently small, then for all d € W, X Q,,
A oA A2 2
B,(u"0,0) > C(IIoII" + el voly).
where ||| - ||| is defined by (3.8).
Proof. We have for e > h

2 2
B,(u":5,0) =[loll’ + el volo — 68(v, 0, + u" - Vo + v4),,
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and by the inverse estimate
ldvlle < Ch7t|woll, VoW,
we get

|e8(80,0,+ u* - Vo + 9g)o| < 40 + edCh e vole

< 3(llell” + el volle)
if e8Ch™? < 1, i.e., if CC < %, which proves the desired result. O

Arguing as above, we obtain in the case ¢ < h a direct analogue of Theorem 3.1
for the problem (3.17), with an additional term Ve ||w (u — u")|| o on the left-hand
side.

Let us finally also consider an extension of the method (3.15) to the Navier-Stokes
equations (3.16) with W, and Q, given by (3.1) and (3.3). Since the velocities
v € W, may be discontinuous in space, we are led to introduce an additional
variable to handle the elliptic term —eAu. As additional variable we shall use the
vorticity w = rot u and seek an approximate vorticity in the space Q, given by (3.3).

To motivate the formulation of the discrete problem, we first note that the Stokes
problem corresponding to (3.16), obtained by omitting the nonlinear term u - Vu,
can, at least formally, be given the following variational formulation: Find (u, w):
I > W XY, where W = {rot¢: ¢ € H}(Q)} and Y = H(Q), such that u(¢) = u,
fort = 0and on I,

(3.18a) (u,,0)o + e(rotw,v)g=(g,v)g YvEW,

(3.18b) e(rot0,u)g =e(w,0)y VOEY.

This follows from the fact that with w = rot u, we have rot w = —Au, since divu = 0.
Further, since u = roty for some ¢ € H)(Q), we have that u-n =0 on T, and
(3.18b) implies that also the tangential component of u vanishes on T, so that in
factu=0on T.

Returning now to the Navier-Stokes equations (3.16), and handling the nonlinear
term as in the case of Euler’s equations, we are led to the following SD-method for
(3.16): Find (u", p*, ") € W, X Q, X Q, such that

(u,"+,B-Vu"+Vp",v+8(v,+,3‘vv+Vq))

h . dS
(3.19a) +§ faruﬁ) [Wosln +n- 6]

+e(rot o, v) + ed(rot ', v, + B - Vv + vq)
=(gv+8(y,+B-vo+vyq)) V(v,q) €W, X0
(3.19b) e(rotl,u") = e(w",0) Vo€ Q,,
where 8 = Ch with C > 0 sufficiently small and, as before, 8 = u" and u” (-,0) = u,.

Choosing (v, q,8) = (u", p*, w") in (3.19), we obtain as above the following stability
estimate:

|u"|2M+|u"|(2)+ Zf [u"*|n, + B - n|ds
K Y3K_(BY

+8ul+ B v+ vpt o+ el
< C(lfllg +lollg),
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from which the following error estimate can be derived, following the proof of
Theorem 3.1:

maxT“u(‘,t) - uh(.’t)llﬂ + h”Vp — Vp"”Q + \/;:‘_”(0 _ wh"Q < Chk*1/2,

0<r<
assuming that ¢ < h and

lullesroo + 1 pleer +ll@lless < co.

Remark 3.2. The approximability properties of the space Q, for the vorticity w”
are somewhat better than needed; it would be sufficient to have ||o — &| < Ch*¥*1/2
with @ € Q, an interpolant of w. O

4. Appendix. As an example of a uniqueness result for the methods considered, let
us prove that the solutions of the discrete problem (2.6) are unique if the correspond-
ing exact solution w is smooth enough, i.e., satisfies (2.16), and A is small enough.
Thus, suppose that «" and @ are two solutions of (2.6) with corresponding
velocities u”(w") and #"(@"). By subtraction we then have for any m, writing
0 = w" — &" and assuming that 6(-,¢,)_= 0,

h(f, (u"(o") - a"(@")) - v0),
= (6.0),,+10. [\, + (u"(a") - v0.6),,

(4.1) +((@"(@") — uh(w")) - va", 0 + h(6, + u"(o") - vé)),,

+h])6, + uh(e") - 98],

+h(a + #"(a") - va', (a"(@") - u" (")) - vi),,
By Theorem 2.1 and inverse estimates it is easy to see that

R &1 + [ 7"(8") | < C,

witha = } if k = 1 and @ = 0 if k > 2. Together with (4.1), this proves that

162 |er +10. 1, + 6, + u? (") - 90, < el 01,
by virtue of the fact that
|a"(@") = u"(&") | < Cl8]m.
However, by the argument used in the proof of Lemma 3.1, we have
(42) 1616, < w16, + w(w) - w6}, + Hlo.. T3],
and thus

- 2 —allal2
h=6]m < Ch=2(|6]",
which shows that § = 0 if A is small enough, and the uniqueness result follows.
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